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Introduction 

The notion of an algebraic supergroup is a generalization of the notion of 
an algebraic group. It is natural to ask which properties of algebraic groups 
remain valid also for algebraic supergroups. For example, it is well known 
that if the ground field K has characteristic zero and G is a connected 
algebraic group, then the Lie algebra Lie(G') of the commutant G' of G 
coincides with the commutant Lie(G)' of Lie(G). Using the technique of 
Harish-Chandra superpairs, recently developed in [HOdl], we find a rather 
simple counterexample to analogous statement for algebraic supergroups 
(see Section 10 below). In other words, the equality Lie(G') = Lie(G)' no 
longer holds in the category of algebraic supergroups! 

Another interesting question is how are properties of an algebraic super- 
group G related to the same properties of its largest even subgroup Gev 
The second author proved that an algebraic supergroup G is unipotent if 
and only if Gev is- The same result has been reproved in [9j using the tech- 
nique of Harish-Chandra superpairs. Other result of this kind proved in [9] 
states that a supergroup G is simply connected if and only if G^v is. 

Recall that every (even affine) supergroup G has the largest normal unipo- 
tent supersubgroup Gu that is called the unipotent radical of G, (cf. [QtfTT]). 
Keeping in mind the properties of algebraic groups, one can formulate the 
following questions. 

Suppose that H \s a, normal connected supersubgroup of a connected 
algebraic supergroup G. Is it true that = Gu H Analogous property 
is valid in the category of algebraic groups (however, if the characteristic of 
K is positive, then one has to assume additionally that both groups G and 
H are reduced). 

Consider the relationship of {Gev)u and {Gu)ev It is easy to see that if 
{Gev)u = 1, then Gu is a finite odd supergroup. Next question we ask is 
whether Gu = 1 implies that {Gev)u is finite? 

Surprisingly, answers to both questions above are again negative. In 
Section 8 we construct a semi-direct product of two abelian supergroups 
H = X y\ G such that Hu = 1 but Xu 7^ 1. Additionally, {H(,v)u is non- 
trivial connected supergroup. 

We will use the same notation as in the classical setting and call a super- 
group G reductive if Gu = 1- For the qround field of characteristic zero, a 
concept of quasi-reductive supergroup was introduced in Namely, G is 
called quasi-reductive whenever Gev is reductive, or equivalently, Gev is lin- 
early reductive. Note that Gev is reductive if and only if Lie(G'e,;) = Lie(G')o 
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is a reductive Lie algebra. The Lie superalgebras of quasi-reductive super- 
groups were described in [10]. Any such Lie superalgebra £ has a filtration 
by superideals Z{£,) C C C £, where Z{S,) is the center of £, is a 

direct sum of minimal superideals and £/C is semi-direct product of its even 
part and an odd abelian superideal. 

However, the above nice description is not entirely satisfactory since we 
do not know how this filtration of £ corresponds to the subgroup structure 
of a related supergroup G. In other words, we would like to know if there 
are normal super subgroups Z and C of G such that Lie(Z) = Z{£,) and 
Lie(C) = €. We prove that Z is just the center Z{G) of G but the problem 
whether the superideal C is algebraic remains unsolved. 

Therefore we decided to develop a different approach working with super- 
groups. First we prove that if Lie(G) is semisimple, then there is a pair of 
supergroups {U, H) (called a sandwich pair) such that U <H and U < G < H 
(see Theorem Ill.Sp . Moreover, Lie(C/) = 11, L'\e{H) = Der(ii) and the em- 
bedding of = Lie(G) into Z)er(iX) satisfies conditions of Theorem 6 of 

m- 

Afterward, we work with the solvable radical R{G) of G. Then the Lie su- 
peralgebra of G = G/R{G) is semisimple, and therefore G can be inserted as 
a middle term into a sandwich pair {U,H). Since G is also quasi-reductive, 
U is quasi- isomorphic to a direct product of its normal super subgroups Ui, 
where each Lie(C/j) belongs to the same family of minimal superideals as 
in Theorem 6.9 of [10]. Moreover, R(G) and G/U are triangulizable su- 
pergroups (for the definition, see the end of Section 6) and their unipotent 
radicals are odd unipotent. Conversely, if G has the above filtration by 
normal supersubgroups, then G is quasi-reductive. 

At the final step we observe that if G is reductive and G has no central 
toruses, then Lie(G) is semisimple. This means that, in principle, reductive 
supergroups can be described using sandwich pairs. 

The paper is organized as follows. In the first six sections we give all 
necessary definitions, notations and derive auxiliary results. The most im- 
portant results in these sections are Lemma [2. 3 1 and properties of the action 
of an affine supergroup on another affine supergroup by supergroup auto- 
morphisms. In the seventh section of this paper we completely describe such 
actions on an abelian supergroup. Based on that, in the eight section, we 
construct a semi-direct product H = X yi G such that Hu = 1 but both 
Xu and {Hev)u contain an one-dimensional unipotent subgroup. The ninth 
section is devoted to a simple criterion describing when a supersubalgebra 
of a given algebraic Lie superalgebra is also algebraic. This is accomplished 
using the technique of Harish-Chandra superpairs. As a by-product, we de- 
scribe when Lie(G') coincides with Lie(G)'. In the tenth section we construct 
a supergroup G such that Lie(G') / Lie(G)' and give a simplest example of 
G with this property. The last section is devoted to properties of reductive 
and quasi-reductive supergroups described earlier in this introduction. 



1. Affine and algebraic supergroups 
In this section we follow definitions and notations from [5l [TJ [15] . 
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Let K he a field of cliaracteristic charK 7^ 2. A vector superspace is a 
vector space V (over K) graded by tlie group Z2 = {0, 1}. The homoge- 
neous components of V are denoted by Vq, Vi. The degree (or parity) of a 
homogeneous element v is denoted by |f |. If F and W are superspaces, then 
HomK{y,W) has the natural superspace structure defined by 

HomK{V,W)i = {(/^mVj) C Wi+j,i,j G Z2}. 

Let SMod/^ denote the JC- linear abelian category of vector superspaces with 
even morphisms. This is a tensor category with the canonical symmetry 

t = tv,w --V (^W (^V, v(^w ^ (-l)l''ll"'lu; V, 

where V,W € SMod^. 

Classical definitions of algebraic objects can be extended to this sym- 
metric tensor category using the adjective 'super'. For example, a (Hopf) 
superalgebra is a (Hopf) algebra object in SMod/^:, and analogously for other 
definitions. Additionally, all superalgebras are assumed to be unital. A su- 
peralgebra A is called supercommutative, if ab = (— l)l°ll''l6a for all homoge- 
neous elements a,b G A. Denote by SAIgj^ the category of supercommutative 
superalgebras. 

Any functor from SAIg^ to the category of sets is called a X-functor. 
For example, if y is a superspace, then one can define a JC-functor by 
Va{A) = V(S)AioT: A£ SAIg^. 

A /C-functor X is said to be an affine superscheme, if X is represented 
by a superalgebra A G SAIg;^. In other words, X{B) = HomsAig^, (^1 ^) for 
B € SAIg^. In notations from [71 [15], this functor X is denoted by SSp A. 
A K-functor morphism SSp A ^ SSp B is (uniquely) defined by the dual 
superalgebra morphism (j)* : B A. 

A closed subfunctor Y of X = SSp A is defined by a superideal ly = I 
of A such that Y{B) = {x e X{B)\x{I) = 0}. Thus Y = V{I) ~ SSp A/ 1 
is again an affine superscheme. An open subfunctor y of X is also defined 
by a superideal / as Y{B) = {x G X{B)\Bx{I) = B}. For example, any 
/ G ^0 defines an open subfunctor Xj that corresponds to the ideal Af. 

For a ii'-functor X, define a subfunctor Xg^^A) = X{lq)X{Aq) for A G 
SAIg^, where to is the natural algebra embedding Aq — )• A. For example, 
{SSp R)ev is a closed supersubscheme of SSp R, defined by the ideal RRi. 

An affine superscheme G = SSp ^ is a group X-functor if and only 
if ^ is a Hopf superalgebra. If it is the case, then G is called an affine 
supergroup. Besides, if ^ = K[G] is finitely generated, then G is called an 
algebraic supergroup. Denote by ec Ac and sq the counit, comultiplication 
and antipode of respectively. We use Sweedler notation, that is for 

every / G ^ we write 

Ag(/) = E-^1®/2, 
{idA ® Ag)Ag(/) = (Ag idA)AG{f) = ^ /l /2 ® /3, 

and so on. The augmentation superideal ker ec is denoted by More- 
over, for any supersubspace V C K[G] denote 1^ iir[G]"'" by V^. 
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Example 1.1. Let V he a vector superspace of super dimension m\n, that is, 
dim Vo = dim Vi = n. Denote by GL{V), or by GL{m\n), the correspond- 
ing general linear supergroup which is a group JC-functor such that for any 
A £ SAIg^ the group GL{V){A) consists of all even and ^-linear automor- 
phisms of V (i^ A. Denote the generic matrix (Qj)i<jj<m+n 

by C and d = 

det(Coo)det(Cii), where Cqo = {cij)i<i,j<m and Cu = {cij)m+i<i,j<m+n 
are even blocks of C. It is easy to see that K[GL{m\n)] = K[cij\l < i,j < 
m + n]d, where \cij | = if and only if 1 < i,j < m or m + 1 < i,j < m + n. 
The Hopf superalgebra structure of K[GL{m\n)] is defined via 

^GL{m\n){Cij) = ^ Qfc (g) Ckj, eGL(m\n)iCij) = ^ij, I < i, j < m + U. 
l<k<m+n 

Example 1.2. Recall the definitions of (one-dimensional) torus Gm and 
(one-dimensional connected) unipotent group Ga- 

UG = Gm, i\ienK[G] = K[t^\^G{t) = t®t,eG{t) = 1 and scit) =t^^. 

If G = Ga, then K[G] = K[t],AGit) = t 1 + 1 ® t,eG(t) = and 
scit) = —t- In both cases \t\ = 0. 

Example 1.3. A supergroup G is called (one-dimensional) odd unipotent, 
and denoted by G' , if K[G] = K[t], \t\ = 1, Adt) = t(g)l + l^t, eait) = 
and scit) = —t. 

A closed supersubscheme if of G is a subgroup functor if and only if 
Ih is a Hopf superideal of In what follows, all supersubgroups are 

assumed to be closed unless otherwise stated. If iJ is a supersubgroup of G, 
we denote it by -ff < G. For example, Gev < G and Gev is called the largest 
even supersubgroup of G. 

If H(A) is a normal subgroup of G{A) (we denote this by H{A) < G{A)) 
for every A G SAIgj^, then H is called a normal supersubgroup of G and we 
write H <G. The center of G is a X-subgroup functor Z{G) such that for 
every A G SAIg^ : 

ZiG){A) = {gG G{A)\yA' G SAIg;^,V<A : A ^ A',G{cl))ig) G Z(G(^'))}- 

One can show that Z{G) is a supersubgroup (see [11]) and it is clear that 
Z(H) < G whenever H<G. 

li (p : G ^ H is a supergroup morphism, then ker is a normal supersub- 
group of G that is defined by the Hopf superideal K[G](I)* {K[H]'^) . 

2. SUPERALGEBRAS OF DISTRIBUTIONS AND LlE SUPERALGEBRAS 

Let G be an algebraic supergroup. Denote by m. A Hopf su- 

peralgebra of distributions Dist(G) coincides with IJi>o '-''Stz(G), where each 
component Dist;(G) = {K[G\/m^+^)* is a supersubcoalgebra dual to a su- 
peralgebra i^[G]/m'+^ (cf. [3 [15]). The superalgebra structure of Dist(G) 
is given by the convolution 

</'*V'(/) = E(-l)''^"^'''^(/i)^(/2),/ e K[G]. 

More generally, for any A G SAIg^ the superspace Hom/<(/C[G], A) is an 
unital superalgebra with respect to the same convolution and unit ec- 

The supersubspace Dist^ has a Lie superalgebra structure with respect to 
the operation [(/>, ■0] = cp-kip — -k (p. It is called a Lie superalgebra 
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of G and denoted by Lie(G). If charK = 0, then Dist(G) coincides with the 
universal enveloping superalgebra U(Lie(G)) of Lie(G). 

Example 2.1. \J\e{GL{m\n)) = g[(m|n) is the general linear Lie superalge- 
bra (cf. [3]). 

The i^T-functor Lie(G)a is isomorphic to the Lie superalgebra functor'L\e{G) 
of G (see Lemma 3.2 of [15]) defined as follows. For A S SAIg^^, let 
A[eo,ei] be a (supercommutative) superalgebra of dual numbers. By def- 
inition, A[eo,ei] = {a + eo6 + eic|a, 6, c G A}^ eiej = 0,\ei\ = i, where 
i,j G {0,1}. There are two morphisms of superalgebras pA '■ A[eo,ei] — A 
and iA '■ A ^ ^[^Oi ei] defined by a + eob+eic i— >• a and a a i->- a, respectively. 
The functor Lie(G) is defined as Ue{G){A) = ker(G(pA)) for A € SAIg^. 

The isomorphism Lie(G)a ~ Lie(G) is given by 

(^;®a)(/) = eG(/) + (-l)l'^ll^le|.«a|^;(/)a, 

where v G Lie(G) = (m/m^)*, o G ^ and / E K[G]. 

If we identify Lie(G)(^A with HomxH/m^, A) via (f «>«)(/) = (-l)l'^ll-^lt;(/)a, 
then the above isomorphism can be represented as 

n i-> ec + eouo + emi 

for u G Hom/<(m/m^, A). 

The supergroup G acts on the functor Lie(G) by 

{g,x)^G{iA)ig)xG{iA)ig)-' 

for g G G{A), x G Lie(G)(yl) and A £ SAIgj^. This action is called the 
adjoint action and denoted by Ad. According to Lemma 3.2 of [15], Ad : 
G GL{L\e{G)) is a morphism of supergroups. 

Let £ be a Lie superalgebra. For any A £ SAIg^ one can define a Lie 
superalgebra structure on £ (8) A by the rule 

[x^a,y'S)b] = (-l)l"ll2^l[x,y] (»a6 

for x,y £ S, and a,b G A. Therefore £a is a functor from SAIgj^ to the 
category of Lie superalgebras. 

As above, the (super)commutator [0, "0] = (p-kil^ — (—l)\'^^^'^\'ijj-k(j) defines 
a Lie superalgebra structure on HomKiK[G], A). 

Lemma 2.2. The superspace Hom;^(m/m^, A) is a Lie super subalgebra of 
HomK{K[G],A) that is isomorphic to Lie(G) (gi^. 

Proof. The proof follows from straightforward calculations. □ 
For the later use, consider the following operation. 

(Ad(<7)n)(/) = j;(-l)l"ll^^l5(/iM/2)5(5G(/3)) 
for u G Homx(m/m^, A), g G G{A) and / G m. 

Lemma 2.3. The adjoint action of G on Lie(G)a ~ Lie(G) commutes with 
the above operation. 
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Proof. For any u,v G Hom/4-(m/tn^, 5 G G{A) and / G m we have 

[Ad{g)u,Ad{g)v]U-) = 

^(_l)kl(l/l| + l/2| + l/3l) + l«ll/l|^(;^)^(j2)^(,^(;3))^(J^)^(,^(;^))_ 

^(_l)l«IH+l«l(l/i|+l/2|+l/3l)+HI/i|^(/^)^(/2)^(g^(/3))^(;^)^(sg(;5)) = 
^(_l)H(l/il+l/2|)+l«ll/i|^(j^)^(;2)^(/3)5(sc(/4))_ 

□ 

3. Connected supergroups 

An affine superscheme SSp A is called connected if the underlying topo- 
logical space \SSpec A^^ of the affine superspace SSpec A is connected. 
Since \SSpec Al'^ = \Spec AqI'^, SSp A is connected if and only if Aq has no 
nontrivial idempotents (cf. 5.5. of |13]). 

Suppose that A is finitely generated. Then Aq is finitely generated and 
it contains the largest (finite-dimensional) separable subalgebra 7ro(^o) (cf. 
6.7 of [13]). We denote 7ro(ylo) also by tto{A). 

Lemma 3.1. 7ro(^) is the largest separable subalgebra in A. 

Proof. Let be a separable subalgebra of A. According to Theorem 6.2(2) 
of [13], B K is a separable subalgebra of A(S) K. Moreover, B ® K = K 
is generated by pairwise orthogonal idempotents. Using Lemma 7.2 of [TS] 
we infer that 5 (g) ^ C ^. Thus B (1 Aq. □ 

Lemma 3.2. If A and B are finitely generated commutative superalgebras, 
then TTo{A B) = tto{A) (g) Tro{B). 

Proof Observe that {A0B)o = [AO'S) Bq) ^{Ai® Bi) and {Aj'S>Bo + Ao0 
Bf) ^(Ai^Bi) is a nilpotent ideal in {A(>i)B)Q. By Lemma 6.8 and Theorem 
6.5 of [13], 7ro((yl B)o) ~ ^o(^oM? ® Bo/Bf) ~ 7ro(yl) O tto{B). □ 

Let G be an algebraic supergroup. Using the same arguments as in 6.7 
of [13] we derive that B = Tro{K[G]) is an (even) Hopf subalgebra of 
There is a natural epimorphism of supergroups G ttqG = SSp B. It is 
clear that ttqG is the largest etale factor-supergroup of G. In other words, 
any epimorphism G ^ H, where H is an (even) etale supergroup, factors 
through G — ?> ttoG. The kernel of G ^ vroG is called a connected component 
of G and is denoted by G^. 

The algebra B is isomorphic to Li x . . . x L^, where each Lj is a separable 
field extension of K. Choose (pairwise orthogonal) idempotents ei,...,et 
such that Li = Bci for 1 < i < t. One can assume that e(ei) = 1 and 
e{ei) = for i > 1. It is clear that B+ = B{1 - ei). Thus Igo = K[G]{1 - 
ei),K[G^] ~ ir[G]ei and G^ = Ge^ is an open subfunctor of G (see Remark 
9.3 of [15]). 
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Summarizing, G is connected if and only if Gev is connected if and only 
if G = GO (see Theorem 6.7 of [l3]). 

Recall from |15j that a pseudoconnected component G^^^ of G is a normal 
supersubgroup defined by the Hopf superideal C\n>i 

Lemma 3.3. Let G be an algebraic supergroup. Then GM < G^. 

Proof. By Lemma 9.2 of [K], / belongs to Iq[q] if and only if there exists 
g £ mo such that (1 — g)f = 0. Since 61/^0 = and 1 — ei G mo, we obtain 
that Iqo C /g[o] . □ 

Lemma 9.6 of [15j states that if charK = 0, then G^ = G^^\ The following 
Proposition answers Question 9.2 of [15j and shows that the same statement 
is valid also in the case charK > 0. 

Proposition 3.4. // G is an algebraic supergroup G, then GO = G^ . 

Proof. By Lemma 13. 3t one can assume that G is connected. By Theorem 
4.5 of [8J we have ^ ~ ]4 (g) K{W), where A = K[G],'A = K[Gev\ and W = 
Ai/A^Ai. It is clear that m can be identified with m(g) A(VF) +34® A(VF)+, 
where A(VF)"*~ = A(VF)VF. Using arguments from the proof of Lemma 9.1 
of [IS] we obtain njj>o^" — rin>o^'^ ® A(Vl^). On the other hand, each 
/ G nn>o"^" ® A.{W) is annihilated by an element (1 — y) (g) lA(iy)) where 
y G rn. Therefore Iq[o] = I [o] ® A(T^). Since Ge^ is connected. Exercise 6 
from [13] implies / [oj =0. □ 

Remark 3.5. We would like to clarify that the statement of Proposition 9.2 
in [15] is valid only when charK = and it does not hold when charK > 
0. For example, for any algebraic (super)group G, its n-th infinitesimal 
(super)subgroup G„,, where n > 1, satisfies Lie(G) = Lie(Gn), but G/Gn 
is not necessary finite. Additionally, in both statements of Lemma 9.6 one 
needs to assume that charK = 0. This assumption was accidentaly lost in 
the final version of the article [15] . 

4. Quotients 

Let G be an algebraic supergroup and H < G. The sheafification of the 
isT-functor A {G/H)^^^){A) = G{A)/H{A),A G SAIg^, is called a sheaf 
quotient and is denoted by G/H. The functor (G/i7)(„-) is called the naive 
quotient. It was proved in [7] that a quotient sheaf G/H is a Noetherian 
superscheme and the quotient morphism vr : G — t- X is affine and faithfully 
flat. 

If i/<G, then G/H ~ SSp K[G]^ is an algebraic supergroup. Let L be a 
supersubgroup of G and II be its defining Hopf superideal. A sheafification 
of the group subfunctor A L{A)H{A) / H{A), A G SAIg^, in G/H, is de- 
noted by '/r(-L). It is a supersubgroup of G/H defined by the Hopf superideal 
K[G]"(^Il (cf. Theorem 6.1 of [l5]). The supersub group vr (7r(L)) is de- 
noted by LH. As it was observed on p. 735 of [15j, LH is a sheafification 
of the group subfunctor A — > L[A)H{A), A G SAIgj^ and its defining Hopf 
superideal is K[G]{K[G]" 

Notice that if L{^H = 1, then LH can be identified with the direct 
product LxH <G, where (L x H){A) = L{A) x H{A) < G{A), A G SAIg^. 
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In fact, L is identified with a subfunctor of {G/H)(^n)- Since L is affine, its 
sheafification is equal to itself (cf . [151 E] ) • 

Lemma 4.1. If char K = 0, then L\e{LH) = Lie(L) + l\e{H). 

Proof. The proof follows from Corollary 6.1 and Proposition 9.1 of |15j. □ 

Lemma 4.2. If G is a connected algebraic supergroup and H is a normal 
supersubgroup of G, then G/H is connected. 

Proof. The statement follows from 7ro(K[G]^) C 7ro(A'[G]) = K. □ 

Lemma 4.3. Let G be an algebraic supergroup. Then we have the following. 

(1) If H is a supersubgroup of G, then < Hf]G^; 

(2) IfH<G, thenH^<G; 

(3) {Ge^f = (GO)e„. 

Proof. II/{Hf^G^) is isomorphic to a (super)subgroup of G/G^ (see Theo- 
rem 6.1 of [15] and Lemma 3.3 of [16j). According to Corollary 6.2 of |13j . 
H/{Hf^G^) is an etale (super)group and the first statement follows. 

Since = H^^\ the second statement follows by remark after Lemma 
9.1 in [15j. _ 

The superalgebra epimorphism A ^ A = A/AAi = K[Gev], restricted on 
B = 7ro(^), is an isomorphism onto 7ro(A). This implies the third statement. 

□ 

5. Some auxiliary properties of algebraic supergroups 

Lemma 5.1. Let charK = and G be a supersubgroup of H . If both G and 
H are connected and <3 = Lie(G) is a superideal of S) = Lie(ff), then G<II. 

Proof. According to Lemma 9.5 of |15] . V'~' = for any G-supermodule 
V. The statement then follows from Lemma 9.7 of |15] . □ 

Lemma 5.2. Assume a supergroup G is connected. Then G is abelian if 
and only i/ Dist(G) is a supercommutative superalgebra. If char K = 0, then 
G is abelian if and only if its Lie superalgebra is abelian. 

Proof. The supergroup G is commutative if and only if K[G] is supercocom- 
mutative, that is 

A(/) = 5^ /l ® /2 = J^(-l)'^^ll^^'/2 ® /l 

for every / £ K[G\. Since P|^~>Qm* = 0, K[G] is supercocommutative 
if and only if any element (j) ip £ Dist(G)'^^ vanishes on ^ /i (8) /2 — 
^(|_iy/i||/2| (g) fi. This proves the first statement. The second statement 
follows from Lemma 3.1 of [15j. □ 

Lemma 5.3. Let charK = 0, G be a connected algebraic supergroup and H 
be its connected supersubgroup such that L\e{II) is central in Lie(G). Then 
H < Z{Gf. 

Proof. Denote = Lie(G) and S) = \J\e{H). The conjugation action GxG ^ 
G is defined by a superalgebra morphism 
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for / € K[G\. Since G and H are connected, the conditfon v{f) — / (8> 1 G 
Ih <8) K[G\ is equivalent to 

^(-l)l*^ll^lsU(0)('^l)V'</'2 = 6U(6)('A)V' 

for (/. G U(6) and G U(io). Since U(i3) C Z(U(0)), the last condition is 
satisfied automatically. Thus H < Z{G)^. □ 

Let G be an algebraic supergroup. A commutator supersubgroup or corn- 
mutant of G is the smallest closed supersubgroup of G, that is denoted by 
G' , such that G'{A) contains all products of commutators 

[xi,yi] . . . [xn,yn], 

where Xi,yi G G{A),A G SAIg;^ and n > 1. Inductively, define a solvable 
series of G as G^^) = G', G^^+^^ = Then all supersubgroups G^''^ are 

normal, and if G is connected, then they are also connected (cf. [H]). A 
supergroup G is called solvable if G^'^^ = 1 for some positive integer s. 

An algebraic supergroup G is called unipotent ii eveiy simple G-supermodule 
is trivial (cf. [HI [9l [11] ) . The largest normal unipotent supersubgroup of G 
is called the unipotent radical of G (see [3 [11]) and is denoted by Gu- The 
supergroup G is called reductive if = 1. 

The following proposition was proved in [111. 

Proposition 5.4. Suppose that K is algebraically closed and charK = 0. 
If G is abelian, then G ~ Gs x Gu, where Gg is diagonalizable and Gu — 
G^ X {G~y . If G is connected, then Gg is a torus. 

If charK = 0, then G is said to be odd if Lie(G) = Lie(G)i. This is 
equivalent to G ~ {GaY some k > \. The supergroup G is called 
triangulizable if G = Gu x T, where T is a torus. It is clear that every 
triangulizable G is solvable. 

6. Actions 

Let G and X be affine supergroups and G acts on X via supergroup 
automorphisms. In other words, we have a commutative diagram 

X xX xG "^'^^ X X G 4 X 

i t • 

{X xG)x{X X G) XxX 

Here m : X x X ^ X \s a, multiplication morphism, p : X x G — )■ X is the 
action morphism, the left vertical arrow is defined as {x,y,g) i— )• {x,g;y,g) 
for x,y X{A),g G G{A) and A G SAIg;^, and the right vertical arrow is 
given by m. The dual diagram is 

K[X] 4 K[X](g)K[G] K[Xf^(S)K[G] 

; ^ t . 

K[Xf^ (K[X] 0K[G])®2 

Here the right vertical arrow is defined as 

fl®hi® f2®h2^ (_l)l^ill/2l/^ 0/2 h^h2 
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for /i,/2 € and /ii,/i2 € -^[G']- We call this diagram a principal 

diagram. 

Since the action preserves the unit of X, we have X]ex(/i)^2 = ^xif) 
for every / G K[X], where = X) /i (8) /i2- 

Observe that a closed supersubscheme y of X is G-stable if and only if 
P*{Iy) C ly (g) that is, ly is a supersubcomodule of Besides, 

G acts on Y trivially if and only if — / (8) 1 G /y (8) K[G] for every 

feK[X]. 

Example 6.1. Let G = Gm acts on X. Then B = K[X] has a Z-grading 
B = ®i(zzBi, where = {/ € = f ® t'} and 5^5^ C Bi+j for 

z, j G Z. These conditions are equivalent to 

Ax (A) Q ®k{Bi-k®Bk) 
for i e Z, and ei^o-Bj C S+. 

Example 6.2. Let G = Ga acts on X and charK = 0. Then for each 
f eB = K[X] we have 

where the linear maps Si : B ^ B satisfy 

ior < k < i, 6o = ids, and f5i G B~^ whenever i > 0. Besides, 
(*) {f9)Si = Yl Uh){95i-k), 

0<k<i 

(**)Ax(A)= Yl E/i'^^^M-fc 

0<A;<i 

for i > 0, where Ax{f) = ^ /i /2. 

In particular, 5i = for i > I, = Sq and 5i is an even (right) 
derivation. Moreover, the equation (*) is nothing but a Leibniz's rule and it 
is satisfied whenever p is a G-action. The equation (**) can be rewritten as 

0<fe<i 

and can be regarded as co-Leibniz's rule. This equation is satisfied whenever 
Si is an even right coderivation, that is 5i satisfies (**). 

Example 6.3. Let G = G' acts on X and B = K[X]. Then p*{f) = 

f^l + fS<S)t for a linear map S : B —?■ B^. As in the previous example, 
one can easily check that S is an odd superderivation and supercoderivation 
of B, that is 

{ab)S = a{bS) + {-lf\{aS)b, 
AoibS) = ^ 6i (8 62<5 + i-lf ^\biS 62 

for a,b e B. 

Lemma 6.4. IfG is connected and X is a diagonalizable (super)group, then 
G acts on X trivially. 



SOLVABLE, REDUCTIVE AND QUASIREDUCTIVE SUPERGROUPS 11 



Proof. By definition, B = K[X] is generated by group-like elements (cf. 
[13]). If / is a group-like element, then /?*(/) = J2 /i®^2, where all elements 
/i are group-like and linearly independent. Using the principal diagram 
we obtain that the elements /i2 are pairwise orthogonal idempotents and 
^ /i2 = 1- Since G is connected, only one h2 is non-zero. Thus /i2 = 1 and 

/i = /■ n 

Lemma 6.5. The supersubspace P{B) of all primitive elements of B = 
K[X] is a super subcomodule. 

Proof. If f (z B is primitive, then computing in the principal diagram gives 

Axifi) /i2 = ^ifi ® 1 + 1 /i) ® /l2. 

If we choose /i2 to be linearly independent, then we infer that all fi are 
primitive. □ 

7. Actions on abelian supergroups 

If X = G[j X {G^)^ is an abelian unipotent supergroup, then the superal- 
gebra K[X] is freely generated by basic elements zi, . . . , z/, z^+i, . . . , 2;+^ of 
P{K[X]). Here |zj| = for 1 < i < / and jzij = 1 for / + 1, . . . , / + A;. The 
superalgebra K[X] has a basis consisting of monomials = ni<i<i+fc i 
where < Aj < 1 whenever i > / + 1. Denote Ylii<i<i+k^-^ l-^l ^"^^ 
fine a partial order on the set of exponents by A < if Aj < /u^ for each 
l<i<l + k. Then 

where G^ = Yli^i^iCy and kx^/j, is the number of pairs {i,j) such that 
I + 1 < j < i < 1 + k satisfying fii = 1, Xj — fij = 1. 

Let X = Xg X Xu, where Xg is a diagonalizable (super)group and Xu = 
G[j X {G~)^ is the unipotent radical of X. Denote the character group of 
Xg by D. Then the elements of D form a basis of 

Let G be a connected supergroup acting on X via p : X x G ^ X. Then 
by Lemma 16.51 

l<j<l+k 

fox I < i < I + k. 

Theorem 7.1. The supergroup G acts trivially on Xg. If char K = 0, then 
the action p is uniquely defined by the collection of group homomorphisms 
fi from D to the additive group {K[G]K[G]i)\zi\ such that 

AG{fi{g)) = f^{g)^l+ Y fij ^ Ma) 
for 1 < i < I + k and every g ^ D. 

Proof. We can identify and K[Xu] with Hopf supersubalgebras of 

K[X]. Then PiK[X]) = pIk[Xu]), and PiK[Xu]) generates the Hopf 
superideal Ix^ in -^[^]- By Lemma 16.51 Xg is a G-stable, and by Lemma 
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16.41 G acts trivially on Xg- The last statement can be reformulated in the 
previous notations as 

p*{g)=g(^l+ hz^^fhAg) 
h€D,X>0 

for g e D and fh,xig) G K[G], where \fh,xig)\ = \z^\. Using the principal 
diagram we infer 

^ {h^h)Ax^iz^)^ fhAg) = Yl hz^ g ^ fh,xig)+ 

heD,X>0 h&D,X>0 

Y g^hz^®h,xig)+ Yl i-^f^^^'"^hz^®h'z^®h,Ag)fh',xi9)- 

heD,X>0 h,h'eD,Tr,x>0 

Therefore fh^x = for any h ^ g. If we denote fg^x{g) by fx{g), then the 
previous formula for Ax„(-2^) implies 

A>0 0<M<A 0<7r,x 

In particular, if there is at least one number i > I + 1 such that TTi + Xi ^ 2, 
then fnig)fx{g) = 0- Otherwise, 

If charK = 0, then this recursive formula gives 

A(5)= n ^= n 

l<i<l+k l<i<l+k 

where fi{g) = feiig) and ej = (0, . . . , ^^1^ , . . . ,0) for 1 < i < l + k. Since 

i—th place 

all above sums are finite, every element fi{g) is nilpotent. In particular, each 
maps into 

Consider even elements z{g) = J2i<i<i+k ® fi{g) for g & G. Then 

P*{g) = ig(E^l)Y^(9)^'^ 

for g G D. Since p* is a superalgebra morphism, we have p*{gh) = p*{g)p*{h) 
for all g,h (z D. The latter holds if and only if z{gh) = z[g) + z[h), that is 
fi{gh) = fi{g) + fi{h) for every i. 

Finally, p* defines a supercomodule structure on K[X] if and only if p* 
satisfies 

A;>0 fc>0 fc>0 

Yi^a) ® 1 + (/?* ® idK[G])zig))^''^- 

k>0 

Therefore, is a supercomodule with respect to p* if and only if 

(.idK[x^] ^ AG)z{g) = z{g) 1 + (p* (g) idK[G\)z{g). 
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In other words, for every i we have the condition 

□ 

8. First counterexample 

Suppose that charK = 0. Let G be a (connected) algebraic supergroup. 
We start with the following crucial observation. Assume that there are 
nilpotent elements fi G K[G\ ioi 1 < i < I + k such that = provided 
I <i <l and \ fi\ = l otherwise, and AcC/i) = fi®l + Z]i<j</+fc fij <^ fj 
for some coefficients fij € Then the coefficients fij satisfy 

'^oifij) = ^ fit(S>ftj and eG{fij) = 6ij. 

l<t<l+k 

This means they define a G-supermodule with a basis Zi for 1 < i < I + k 
such that l^il = \fi\ via the supercomodule map Zi — )• X]i<j<«+/fc^i fji- 
By Theorem 17.11 we derive that the action of G on the abelian supergroup 
X = Grn >^ Ga ^ {Ga)'^ is given by the rule 

A>0 

where f^^^ = ni<j</+fc i is a group-like generator of K[Gm] and n G Z. 

Set G ~ (G*")^ and denote by u and v primitive generators of i^[G]. If 
fi = uv, f2 =uj3= V, then 

AG{fi) = fi^l+ k^fj^ 
i<i<3 

where 

/ll /l2 /i3 \ ( I -V u\ 

/21 /22 /23 = 1 . 
/31 /32 /33 / V 1 / 

This implies that G acts on X = Gm x Ga x (G^)^. Define a semi-direct 
product H = X xi G. 

Lemma 8.1. No non-trivial supersubgroup of X^ is normal in H. 

Proof. Consider a non-trivial supersubgroup < X^. Then K[X/N] is 
a Hopf supersubalgebra of Ar[X]. Since X^/N is abelian and unipotent, 
K[X/N] is generated by t and by a supersubspace V oi W = ®i<i<3,K Zi. 
Here V ^ W but it is possible that V = 0. It remains to prove that 
the superideal In = A'[X]1/ + A'[X](t — 1) does not satisfy the condition 
P*{In) In 'Si K[G] . The element p*{t — 1) equals zi iSi uv + Z2 'S u + Z3 v 
modulo the superideal In 'Si K[G]. Since uv, u, v are linearly independent in 
ir[G], the condition p*{t — 1) € /at KG implies that each Zi belongs to V. 
Therefore V = W, which is a contradiction. □ 



Corollary 8.2. = 1. 
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Proof. Since f]X = 1, XHu ~ X x Hu is a normal abelian supersubgroup 
of H and Hu is isomorphic to a supersubgroup of G. Thus = (G~)*, 
where s = lors = 2. Ifs = 2, then H = XHu, which is obviously 
impossible. If s = 1, then some proper supersubgroup RoiG acts identically 
on X. If 

p*{t)-t®l = tzi ®uv + tz2®u + tz^®v e K[X] ® Ir, 

then u, V and uv belong to Ir. Therefore R = G, which is a contradiction, 
and the proof is complete. □ 

Finally, we note that H^v = X^v = Gm x Ga and {Hev)u = Ga- 

9. Algebraic Lie supersubalgebras 

Throughout this section we assume that charK = unless otherwise 
stated. Let H he a, connected algebraic supergroup. Let S be a supersub- 
algebra of \J\e{H) = S). We say that S is algebraic supersubalgebra of H if 
there is an supersubgroup S oi H such that Lie(S') = 6. In a broader sense, 
a Lie superalgebra is called algebraic if there is an algebraic supergroup 
R such that Lie(i?) = IR. 

Proposition 9.1. A supersubalgebra & of S) is algebraic if and only if Go 
is an algebraic subalgebra of Sjq. 

Proof. The necessary condition is obvious. By theorem 3.6 of [I], there is an 
equivalence between the category of connected algebraic supergroups and the 
category of connected Harish- Chandra superpairs given hy H (Hev,^), 
where Hev acts on via the adjoint action (see also Proposition 4.13 of [9]). 
Let Sev be a connected subgroup of H^v such that L\e{Sev) = ©o- Since Sev 
is connected, we derive that ©i is a 5ei,-submodule of S^ils^v (cf- Lemma 
7.15 of Part I in |5j). Therefore there is an embedding of Harish-Chandra 
superpairs {Sev,&) {Hev,Sj). If 5 is a connected algebraic supergroup 
whose Harish-Chandra superpair coincides with {Seu,G), then there is a 
morphism (j) : S ^ H such that the induced Lie superalgebra morphism 
Lie(S') — )• is an isomorphism onto S. The supersubgroup Imcj) of H is 
such that its Lie superalgebra is S. □ 

Corollary 9.2. If &'q = &o, then <3 is algebraic in S). In particular, if Gq 
is semisimple, then 6 is algebraic in S^. 

Proof. The proof follows from Theorem 6.1 of [1] (see also Proposition 2.6 
of part II, §6 in P]). □ 

Corollary 9.3. Let G be connected and (5 = Lie(G). Then Lie(G') = 6' if 

and only if &'q + &i is an algebraic subalgebra of 

Proof. The necessary condition is obvious. Conversely, Proposition 19.11 im- 
plies that 6' = Lie(5) for a connected supersubgroup S of G. Using Lemma 
15.11 Proposition 9.1 of [15], Lemma 14.21 and Lemma 15.21 we infer that S <G 
and G/S is an abelian supergroup. Thus G' < S and Lie(G') C &' . Ap- 
plying Proposition 9.1 of [15j again we obtain that & C L\e{G'). Therefore 
Lie(G') = &' = Lie(S'). Since both G' and S are connected, we conclude 
that G' = S. n 
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Remark 9.4. One can reformulate Corollary 19.31 in the following way. The 
Lie superalgebra Lie(G') is different from (5' if and only if there is an element 
X G (5i such that [x, x] generates a subalgebra in L\e{Gev/G'g^) = (5o/&q that 
is not algebraic. 

Let £ be a Lie superalgebra. An automorphism 
defined via 

Aut{£a){A) = {gG GL(£)(^)|Vx,y € £a{A),g[x,y] = [gx,gy]}. 

Proposition 9.5. Aut{ila) is an algebraic supergroup of GL(£,) and 
L\e{Aut{£a)) = Der{2?). Therefore, for any Lie superalgebra £, its superal- 
gebra of (super) derivations Der{Q) is algebraic. 

Proof. Since any g E GL{S,)(A) is j4-linear, g € Aut{£a){A) if and only 
ii g[x,y] = [gx,gy] for all x,y G £ 1. Choose a homogeneous basis 
xi, . . . ,Xm+n of -G such that \xi\ = Oforl<i<m = dimXlo and \xi\ = 1 
for m + 1 < i < m + n. Then [xi,Xj] = Yli<k<ni+n'^ijkXk, where Cijk = 
whenever |rcj| + \xj\ ^ (mod 2). Therefore g G Aut{£,a){A) if and only 
if the following (homogeneous) equation 

l<k<m+n l<t,r<m+n 

is satisfied for every i,j,s. This proves the first statement. 

Using the e-technique it is easy to see that u € L\e{Aut{S.a)) ^ dK^) if 
and only if idsi + cqUq + eiui G Aut{2a)iK[eQ, ei]). The latter statement is 
equivalent to 

[x,y] + uo[x,y] (g) eo + ui[x,y] (g) ei = 

[uqx, y] (gi eo + (-1)1^1 [uix, y] (g ei + [x, u^y] (g eo + [x, uiy] (g) ei. 

Conseqently, no is a right even superderivation of 2, and ui is an odd su- 
perderivation of £. □ 

Remark 9.6. Proposition 19.51 can be generalized for a superalgebra with 
arbitrary ivT-linear operations over a field of any characteristic. 

10. Second counterexample 

Let us again assume that charK = 0. Let G be a connected algebraic 
group, (5 = Lie(G), and V = Kv be a one-dimensional G- module. Then 
y is a i^[G]-comodule via v ^ v ® g, where g is a group-like element from 
K[G]. 

The differential of this action is given by xv = a{x)v, where a € <3* is 
defined as a{x) = x{g) for x G 6. Clearly, a{[(5, &]) = 0. 

To define a Harish-Chandra pair, it remains to define a Lie superalgebra 
structure on £, = & (BV such that £o = <5, Zi = V and [x,v] = a{x)v for 
X G 6. 

It is easy to verify that a bilinear map £ x £ — )■ £ given by (x, y) i— )■ [x, y] 
for x,y G £ defines such a structure if and only if a(a) = and [x,a] = 
2a(x)a, where a = [v,v], for x G 0. In other words, if there is an element 
a £ & that satisfies these conditions, then there is an algebraic supergroup 
L such that L^v — G and Lie(L) = £. 
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If a 7^ 0, then a £ £q. By Corollary 19.31 we have £' = Lie(-L'). In the case 
a = one can choose a to be any central element in 0. In particular, if a is 
not algebraic modulo &' , then ^ Lie(L') according to Remark 19.41 Below 
we give an example of this kind. 

Consider a supersubgroup L of GL{2\2) such that for any C € SAIg^ the 
group L(C) consists of all matrices 

A B 
B A 

with the even and odd blocks given as 

^ - V ai j V t 

where ai € Cq , 02 S Co and i G Ci . 

Obsrve that AB = BA and any two matrices B and B' , as above, satisfy 
BB' = —B'B. In what follows we represent each element of L{C) as a row 
{A\B). In this notation 

{A\B){A'\B') = {AA' + BB'\AB' + BA'), {A\B)-^ = {A-^\ - A-^B). 

Lemma 10.1. // {A\B) and {A'\B') represent elements from L{C), then 
[{A\B), {A'\B')] = {E + 2A~^A'-^BB'\{)). 

Proof. Proof follows by straightforward calculations. □ 

It follows from the above Lemma that L^v is central in L. 
Lemma 10.2. If L is as above, then L' = L^v- 

Proof. Since L/L^v ~ G~ , we obtain that L' < L^v. On the other hand, 
Lg^ ~ Gm X Ga and this decomposition corresponds to the Jordan-Chevalley 
decomposition 

ai a2 \ _ f ai \ / 1 a{^a2 
ai ) ~ \ ^ aiyVO 1 

Since V is a connected, there are three possibilities, either V = Gm, L' = Ga 
or V = Lev. In first two cases, the elements of V should satisfy either a2 = 
or ai — 1 = 0. Using Lemma 110.11 it is easy to find a commutator element 
that does not satisfy neither first equation nor second one. □ 

The Lie superalgebra £ is generated by the elements x = (£'|0),y = 
(£^i2|0),t; = (0|£' + -Ei2) which satisfy the relations [x,y\ = [x,v\ = [y,v\ = 
and a = [v, v\ = 2x + Ay. Therefore £' is a proper supersubalgebra of 
Lie(L'). Additionally, the element a = 2x-\-Ay does not generate an algebraic 
subalgebra of So- 
il. Reductive and quasireductive supergroups 

In this section we assume that K is algebraically closed field of charac- 
teristic zero. The following proposition was proved in [11] . 



Proposition 11.1. Let 6 he either the solvable radical of or a maximal 
abelian ideal of Sj. Then & is algebraic. 
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A connected normal supersubgroup R = R{H) of H for which = Lie(i?) 
is the solvable radical of is called a solvable radical of H. The supergroup 
R{H) is actually solvable (cf. [TT]). 



Lemma 11.2. If H is a reductive supergroup that does not contain non- 
trivial central toruses, then R{H) = 1 and \J\e[H) = Sj is semisimple. 

Proof. Since the supersubgroup R{H)^''\ for sufficiently large positive inte- 
ger k, is non-trivial, normal, connected and abelian, we can apply Theorem 

EH □ 

Lemma 11.3. Let G be a connected algebraic supergroup. Suppose that its 
Lie superalgebra & is a direct sum of centerless superideals 0^ for 1 < i < t. 
Then each <3i is algebraic in &. 

Proof. Fix an index i. Lemma 9.4 of [15] implies that (Bj^^i^j is an G- 
supersubmodule of 6 with respect to the adjoint action of G. Denote the 
kernel of the induced supergroup morphism G — > GL{(Bj^i&j) by Gj. By 
Lemma 3.4 and Proposition 9.1 of [15], the superalgebra Lie(Gi) equals 

(Bj^iZ{&j) (B&i = &i. □ 

Remark 11.4. According to Lemma l5.ll each Gi is normal in G and for 
any pair of indexes i ^ j the supersubgroup Gi P| Gj is finite. Moreover, the 
induced morphism vr : Gi x . . . x — )• G is a quasi-isomorphism, that is, tt 
is surjective and kervr is finite. 

We will review the classification of semi-simple Lie superalgebras from 
[6]. Fix a collection of simple Lie superalgebras iti, . . . and consider the 
Lie superalgebra it = (Bi<i<t^i (8) Sym{ni), where Sym{n) is the symmetric 
superalgebra defined on a superspace of super dimension 0|n. 

It is known that 

L>er(il) = ei<i<t((L>er(ilj) ® Sym{ni)) {idi<^ ® Der{Sym{ni))), 
where 

{x (g) a){5i (g) 6) = (-l)l"ll'^ilx5i (g) ab, (x (g) a)(idn- (g (52) = x (g a62, 

6i G Der(iii),62 G Der{Sym{ni)), x G iii,a,b € Sym{ni) and 1 <i <t. If 
zi, . . . , z„ are free (odd) generators of Sym(n), then Der{Sym{n)) consists 
of all (right) super derivations Yli<i<n7n'fi ^'^^ ^ Sym{n). Moreover, 
Der{Sym{n)) has a consistent Z-grading where 

Der{Sym{n)){k) = { ^ -j-fi\fi G S y m{n), deg fi = k + 1,1 < i < n} 

l<i<n 

for each A; G Z. 

The superalgebra il is identified with the superalgebra of inner derivations 
Inder{ii) C Der(il). If a Lie supersubalgebra C Der (ii) contains il, then 
S) is semisimple if and only if the projection of to id^j^(E)Der{Sym{ni)){—l) 
is onto for each i. Moreover, any semisimple superalgebra Sj is obtained this 
way. 

Let 2J be a simple Lie superalgebra. The following standard formulas are 
valid in every Der{^ (g Sym{n)). 
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(1) [6i (S)a,6[(g) a'] = (-l)l'^ll'^il[<5i, .5^] aa' for 6i,6[ G Der{^) and 
a, a' G Sym{n); 

(2) [6i'Sia,id<ij'SiS2] = 6ii^a62 for 6i G Der(2J), ^2 G Der{Sym{n)) and 
a G Sym{n); 

(3) [idgj (8) 52,id(xs (8) = ^'^'3 [<^2> <52] '^2; ^2 ^ Der{Sym{n)). 

Lemma 11.5. Let ^ be a simple Lie superalgebra. Then the superalgebra 
Z)er(QJ) (S> Sym{n) is algebraic in Der{^ Sym{n)). 

Proof. Let H be an algebraic supergroup such that \J\e{H) = Der{^ 
Sym{n)). Since Der{^) ® Sym{n) is a superideal oi Der{^ Sym{n)), one 
can argue as in Lemma 111.31 to define the induced morphism 

H GL{Der{^ (g) Sym{n))/{Der{^) (E) Sym{n))) = GL{Der{Sym{n))). 

Denote the kernel of this morphism by R. Then the superalgebra 
Lie(i?)/(-Der(53) (8> Sym{n)) is isomorphic to the center of Der{Sym(n)), 
which is trivial. Thus Lie(i?) = Der(^) (8) Sym{n). □ 

Lemma 11.6. Let ^ be a Lie superalgebra. //53o = 53q, then 03(8) Sym{n) 
is algebraic in Der{^ ® Sym{n)). 

In particular, the conclusion holds for any simple superalgebra 53. 

Proof. If 23 = 03', then [23o,53i] = Q3i. Therefore Cd Symin))'^ = (03 (8 
Sym{n))Q and the first statement follows by Corollary 19.21 

Using Table III on p. 13 of [3], we see that the second statement follows 
immediately for all cases except A{m.,n).,C{n + 1), l^(n), 5(n), 5(n) and 
H{n). 

In the cases A{m.,n).,C{n + l),W{n) and ^(n), Proposition 5.1.2 of [6] 
shows that Z)er(03) = 03 and our claim follows by Lemma lll.5l 

If 03 is of type S{n) or H{n), then 03o = (5 © IH, where (S is isomorphic 
to sl{n) or so(n) and the solvable radical is a direct sum of non-trivial 
simple ©-modules (see [3], p.6-7). Thus ©' = 6 and [6,9^] = 9^, and this 
implies 03o = 03o. □ 

Proposition 11.7. The superalgebra ii, defined above, is algebraic in Derail) 

Proof. Let G be an algebraic supergroup such that Lie(G) = Der(il). Using 
the formulas (l)-(3) it can be easily shown that both Der{!di® Sym{ni)) and 
ilj (8 Sym{ni) do not have non-zero central elements. By Lemmas 111.31 and 
lll.6t there are normal supersubgroups Ui and Gi of G such that Lie(Gi) = 
Der{ili (8) Sym{ni)) and Lie(C/j) = ilj (8" Sym{ni) for 1 < i < t. It remains to 
set ?7 = Ui . . .Ut and use Lemma 14.11 □ 

Let us call the pair of supergroups {U,G), where L\e{U) = il, Lie(G) = 
Derail) and il as previously defined, a sandwich pair. We say that a con- 
nected algebraic supergroup H is inserted into a sandwich pair ([/, G) if 
there is a supergroup morphism (f) : H G such that ?7 < (l){IL) and ker (/> 
is finite. 

Theorem 11.8. Let H be a supergroup such that = L'\e{H) is semisimple. 
Then H is inserted into a sandwich pair. 
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Proof. Since Sj is semisimple, there is a Lie superalgebra it as previously de- 
fined such that iiCSjG Der{iV). By LemmaESl the map Ad : H ^ GL{^) 
preserves the Lie operation in S^a- In particular, the induced morphism 
(p: H ^ GL(il) maps H to Aut{iia). By Proposition 9.1 of [IS], Lie(ker(^) 
coincides with the centralizer of il in Sj. Using Proposition 5.1.2 of [6] and 
formulas (l)-(3), one can easily show that .^Der(ii)(^) is zero. □ 

The following question arises naturally: Is every semisimple superalgebra 
S), containing 11 and contained in Der{ii), algebraic? The answer is nega- 
tive in general. Moreover, the following (very elementary!) example is an 
evidence that many of such superalgeras S) are not algebraic. We think it 
is likely that the algebraic supersubalgebras S) as above form an observable 
family. We plan to describe such a family in a future article. 

Example 11.9. Set il = 5l2{K) (g) Sym{2). Define the superalgebra Sj, 
satisfying id Q S) C Der (ii), by 

i3 = il e K{idix ® e K{idix K{idix 5), 

where5 = ^(zi + Z2) + ^Z2. 

Suppose that S) is algebraic and H is an algebraic supergroup such that 
Lie(ii') = Sj. Since V = 5\2{K) (g) {Kzi + Kz2) is a i^o-submodule of i^i, it 
is also an i/en-submodule with respect to the adjoint action. This implies 
that the semisimple and nilpotent components of the operator id^ ® 5\v 
belong to the image of i^o in 0l(^)- Since this is not true, we have reached 
a contradiction. 

Recall that a connected algebraic supergroup H is called quasireductive 
if -ffei) is linearly reductive, or equivalently, {Hev)u = 1 (see [HI)- If H 
is quasireductive, then its Lie superalgebra S) = L\e{H) is also quasire- 
ductive, meaning that S)o is reductive and i3o-™odule is semisimple (cf. 
[To]). Using Proposition 9.3 of [7] and the standard properties of reductive 
algebraic groups one can show that a connected normal supersubgroup is 
quasireductive, and a homomorphic image of quasireductive supergroup is 
quasireductive as well. 

Lemma 11.10. Assume that a superalgebra Sj is semisimple and quasire- 
ductive. Then il C ^ C Der{il), where il = ®i<i<t^i Sym{ni) is such 
that every summand ilj (8 Sym{ni) is one of the following two types: 

- Hi = and iii is a classical simple Lie superalgebra or 

- rij = 1 and iii is a simple Lie algebra. 

Proof. Since every superideal of a quasireductive Lie superalgebra is also 
quasireductive, it is enough to consider the case il = QJ® Sym{n), where QJ 
is a simple Lie superalgebra. The ideal QJq ^ Sym{n)\ -|- Q3i (8) Sym{n)i is 
nilpotent, and therefore it is contained in the center of the reductive algebra 
ilo. If Sym{n)l ^ 0, then QJq ^ Z{^) which imphes QJo = and QJ is 
abelian. This contradiction implies Sym{n)\ = 0, and therefore n = 0, 1. If 
n = 1, then [23o)^i] = 0. Assuming 23i / 0, we get 23o = ^'i and QJq is 
abelian. Consequently, QJq C Z(QJ) and Q3i = 0. Finally, if n = 0, then is 
quasireductive and therefore 23 is classical (cf. [3]). □ 
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Lemma 11.11. A connected algebraic supergroup H is quasireductive if and 
only if R{H) ev is a torus and H/R(^H) is quasireductive. 

Proof. If H is quasireductive, then R{H)ev is a connected normal subgroup 
of the reductive group H^v and therefore it is also reductive. Since R{H)ev 
is solvable, it is a torus. Conversely, {Hev)u is isomorphic to a subgroup of 

{Hev/ R{H)ev)u = 1- n 

From now on, assume that H \s a. (connected) quasireductive supergroup 
and = Ue{H). 

Lemma 11.12. Let 3 = Then 3 is algebraic in Sj. 

Proof. Let 3 be the preimage of Z(i3/3). We have already seen that 3 is 
algebraic in i^. By Lemma 5.5 of [lOj we infer 3o = 3o- The claim follows 
using Proposition 19.11 □ 

Denote by Z the connected supersubgroup of H such that Lie(Z) = 3- 

Lemma 11.13. The supergroup Z satisfies Z = Z{H)^. Moreover, the 
largest central torus of H coincides with the largest central torus of R(H). 

Proof. From Lemma 15.31 we infer that Z C Z{H)^. Since L\e{Z{H)^) C 3, 
the first statement follows. 

Denote the largest central toruses of H and R{H) by T and T' , respec- 
tively. It is clear that T < T'. On the other hand, Z{R{H))^ is a nor- 
mal supersubgroup of H (see [H]). Using Theorem 17.11 we conclude that 
r = Z{R{H)t, <T. □ 

Lemma 11.14. Let T be the largest central torus of a solvable supergroup 
H . Then H / (T x Hu) is a triangulizable supergroup. 

Proof. We proceed by induction on dimi^. For sufficiently large positive 
integer k, the supersubgroup H^'^^ decomposes as T' x U, where T' is torus, 
U is odd unipotent and T' ^ 1 oi U ^ 1. By Theorem 17.11 T' is central 
and contained in the largest central torus T oi H. Moreover, T x is a 
non-trivial normal connected supersubgroup. Thus H/[T x Hu) is either 
triangulizable or it contains a non-trivial central torus T". Denote by R the 
preimage of T" in H. Then R< H and Rev is a torus. Since Rev/T ~ T", 
we have R = Rev x that implies that Rev is a central torus bigger than 
T. This contradiction completes the proof. □ 

Remark 11.15. The statement of Lemma 111.141 can be reformulated as 
follows: If H is solvable, then H/Z is triangulizable. Additionally, observe 
that Hu is always an odd supergroup. 

The supergroup H = H/R{H) can be inserted in a sandwich pair ([/, G). 
By Proposition 111.71 and Lemma 111.101 we have U = Ui . . .Ut and G = 
Gi . . . Gt, where Lie(C/j) = iXj (g) Sym{ni), Lie(Gi) = Der{iii (g) Sym{n.i)) and 
Tij = 0, 1 are such that llj is a classical simple super algebra provided = 
and ilj is a simple Lie algebra if = 1. 

Order the components Ui so that all superalgebras ilj of type A(n, n), P{n) 
or Q{n) correspond to indices 1 < i < s, and components with nj = 
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correspond to indices s + 1 < i < s', where s' < t. According to Proposition 
5.1.2(a) of [6] we have Ui = d for i > s'. Then 

L\e{G/U) = {(Bl<^<sDer{i^,)/ik)(BDer{Sym{l))®^''-'\ 

Denote the superalgebra L\e{G/U) by ^ and supergroups GiU /U ~ Gi/Ui 
by i?i for 1 < i < s' . 

Lemma 11.16. Using the above notations, we have the following state- 
ments. 

(1) Ifiii is of type A{n,n) or P{n), then Ri ~ Gm- If^ is of type Q{n), 
then Ri ~ G~ . 

(2) Z{G/Uf = Ri...Rs. 

(3) If i> s, then R[ ~ G~ and Ri/R'i ^ Gm- 

Proof. If ilj is of type A{n,n) or P{n), then Z?er(ilj)/ilj is one-dimensional 
and generated by an even derivation that acts on ilj as a semisimple operator 
(see Proposition 5.1.2(b) of [6j). If ilj is of type Q{n), then Der{ili)/ili is one- 
dimensional and odd (see Proposition 5.1.2(c) of [B]). The first statement 
follows. 

It is clear that Z(^) = (Bi<i<sDer(iii) /ilj. Lemma|32] shows that Ri . . . Rg 
is connected. The second statement then follows by applications of Lemmas 

firni andioi 

Finally, Der{Sym{\))' = Der{Sym{l))i and Der{Sym{\))i is a semisim- 
ple Der(5'ym(l))o-module. Corollarv 19.31 implies the third statement. □ 

Theorem 11.17. A connected algebraic supergroup H is quasireductive if 
and only if all of the following conditions hold : 

(1) R{H)ev is a torus, or equivalently, R{H) satisfies the conclusion of 
Lemma \11.14\ ' 

(2) H = H/R(H) contains normal supersubgroups U,Ui,...,Ut such 
that U = Ui . . .Ut and the induced morphism Ui x . . . x Ut ^ U 
is a quasi-isomorphism. Besides, for every 1 < i < t, Lie(f7j) = 
Hi (8) Sym{ni) are such that either = and \Xi is a classical simple 
Lie superalgebra, or rii = 1 and iU is a simple Lie algebra; 

(3) H/U is a triangulizable supergroup with odd unipotent radical. 

Proof. The necessary condition is now obvious. Conversely, if H satisfies the 
conditions of this theorem, then H^.^ has normal subgroups, say Li and L2 
such that H/Li and H/L2 are toruses and Lie(-ff/Li) is reductive. Therefore 
H/Li is linearly reductive which implies that {Hf>v)u = 1- O 
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